A c-circulant digraph G,(c, A) has Z,V as its vertex set and adjacency rules given by .X + cs + a with a E A c Z,. The c-circulant digraphs of degree two which are isomorphic to some circulant digraph are characterized, and the corresponding isomorphism is given. Moreover. a sufficient condition is obtained for a c-circulant digraph to be a Cayley digraph.
Cayley digraphs have been proposed as a model for designing, analyzing and improving symmetric interconnection networks [2, 4, 7] . Let us remember that given a group r and a generating set A = {aI, . . . , ad} of r, the Cayley digraph Cay (r, A) has r as set of vertices and every vertex x is adjacent to the d vertices xai, 1 < i d d.
For instance, if A is a generating set of Z,, then the circulant digraph GN (l, A) is the Cayley digraph Cay(ZN, A). Finite Cayley digraphs are strongly connected and vertex transitive. They have been characterized by Sabidussi [lo] (for undirected graphs, however the proof is similar in the directed case): A strongly connected digraph is a Cayley digraph if and only if its automorphism group has a subgroup which acts regularly on the set of vertices.
In this context, the general question of deciding which c-circulant digraphs are
Cayley digraphs is raised. In [3] , for instance, Kautz digraphs which are Cayley digraphs are characterized.
In this paper we give necessary and sufficient conditions for a c-circulant digraph of degree two GN(c, {ai, a,}) to be isomorphic to some circulant digraph GN (l, {b,, b2}) . In this case, explicit formulas for bI and b2 and for the isomorphism are obtained. In Section 2 we summarize some known results about c-circulant digraphs.
In Section 3 we give sufficient conditions for GN(c, A) to be a Cayley digraph. The rest of the paper is devoted to the main result about c-circulant digraphs of degree two.
Previous results
Throughout this paper the greatest common divisor of k integers xi, . . . ,xk is denoted by (x1, . . ,xk), Let GN(c, A) be a c-circulant digraph with A = {al, . . . ,ad>. We define the following parameters: m = (N, al -u2, al -a3, . ,a1 -ad) , r = N/m so = 0, si=1+c+c2+ ... fc'-i(modN), iEZ,i>l.
Let us recall some results about c-circulant digraphs drawn from [S, 9, 111 . If x is a vertex of a Cayley digraph Cay (r, A), the indegree and outdegree of x is d = I A ( . So, if a c-circulant digraph is a Cayley digraph, it must be regular. Regular c-circulant digraphs of degree d are characterized as follows: Then the condition (iii) in Proposition 2.2 can be replaced by the condition (iii') c = 1 (mod mg); see [S] .
Note that if g = (N, c) = 1, then condition(i) is automatically satisfied, N* = N and m* = m.
If 1 A / = 2 and G,,,(c, A) is strongly connected then it is 2-regular. Indeed, from condition (i), it must be either g = 1 or g = 2. If g = 1. the condition of Proposition 2.1 is obviously satisfied. If g = 2, then one of the elements of A is even and the other is odd, so 1 = 1 A, 1 = I AI ( = d/g. Then, Proposition 2.1 can also be applied.
All c-circulant digraphs considered
in the rest of the paper are regular and stron<glJ connected.
Note that if GN(c, A) is vertex transitive, the number of loops is 0 or N. The number of loops in a c-circulant digraph is given by the following proposition. Proposition 2.3. Let G,(c, A) be a c-circulant digraph and dejine g, = (N, c - 
Cayley c-circulant digraphs
It has been shown in [11] that if cm = 1, then the c-circulant digraph GN(c, A) is vertex transitive. The proof can be modified in order to show that it is, in fact, a Cayley digraph. 
Therefore, the set r = {@h: h~2,) is closed under composition. Hence. it is a subgroup of Aut GN(c, d).
Since 4 A c-circulant digraph can be circulant with the same labeling of vertices. The following is a necessary and sufficient condition for this. for all x EZ,~. For x = 0 and x = 1, the condition (1) is satisfied by hypothesis. If x > 2 and it is satisfied by x -1, then
Proposition 3.2. The identity map of Z, is an isomorphismfiom GN(c, A) to G,v( 1, A) if
x + A = x -1 + A + 1 = c(x -1) + A + 1 = (.(x -1) + A + c = C.Y + A. 0
c-circulant digraphs of degree two which are circulant
We begin with an arithmetic lemma which will be useful later. If a and h are integers and 6 = (a, b), it is known that there exist integers t and z such that at + hz = 6 (Bezout identity). The integers r, z are not unique: If to, z. satisfy at0 + hz, = 6, then for every integer r the numbers t=t,+$ 6 -' z=z o-7 ; 5, also satisfy at + bz = 6. We next show that it is always possible to select t in such a way that it is relatively prime to b. modulo the product of these primes.
Consider the solution (tl, zl) of at + bz = 6 defined by tl = to + WKo, Zl = to -WKO and let p be a prime dividing both tl and b.
In what follows, we only consider c-circulant digraphs GN(c, A) with A = {aI, az}, al # u2. The case N = 2 is trivial, so we can also assume N 3 3.
First we give a necessary condition for a c-circulant digraph GN(c, A) to be a circulant digraph. (i) cul + u1 = cu2 + aI, which is equivalent to (A); (ii) ccl1 + aI = ca, + u2, which is equivalent to (C); (iii) ca, + a2 = cu2 + aI, which is equivalent to (B); (iv) cu, + uz = cu2 + a,, which is equivalent to (A). 0
Lemma 4.2. Let GN(c, A) be a c-circulant digraph which is a circulant digraph. Then one qf the following conditions holds:
For instance, we have seen in Section 2 that the digraph Glz(lO, 14, 1 $) is a Cayley digraph. Nevertheless, it is not a circulant digraph because, modulo 12, c(ar -u2) = 30 = 6 # 0, (c -l)(uI -uz) = 27 = 3 # 0 and (c + l)(u, -az) = 33 = 9 #O. 
Lemma 4.5. Zf there is a p-isomorphismfrom
Gn(c, A) to G, (l, d) , then it is unique.
Proof. Let f be a p-isomorphism. We have .f'(.u') = (i + l)h, + a(b1 -b2) = ihl + x(b, -hz) + hl =,f(x) + hl,
so ,f is a p-isomorphism. Now, let 0 < yo, y1 d r -1 be such that s,u, = ;'"(a, ~ uz) and mbl = yl(hl ~ h2), A vertex x = ~,,_,a, + LY(U 1 -uz) IS adjacent to the vertices X' = s,m, + X(Ul -a2) = (yo + %)(Ul ~ uz).
On the other hand,f(x) = (m -l)h, + #z(hl -h,) is adjacent to the vertices
If ;'() = yl, then JT' =S(x') and 4"' =,f (.u"), hence ,f is an isomorphism. Conversely, iff is an isomorphism,f'{s', x"} = ( JS', y"). If,f(x') = J"' andf'(x") = J", we have :'. + ,X = pl + 2 ~ 1 and y. + 2 -1 = ;'I + LX (modulo r). This implies )I1 + 1 = y. = y1 -1, so Y = 2, a contradiction.
Therefore, it must bef(s') = I" and f(x") = ~3". Hence y1 = yO. 0 When G,(c, 0) is circulant, the set (b, , b2} can sometimes be taken the same as (U1 . Q). , (43, 1) ).
An example which satisfies the hypothesis of the Corollary 4.7 with m odd is the c-circulant digraph G539(78, {I, S}). We have m = 7 and then Gss9(78, (1 S}) = G539(1> {1>83). Proof. Let GN(c, A) be circulant and let f be an isomorphism from GN(c, A) to G, (l, 2) withf(0) = O,f(aI) = bI andf(a,) = b2. We have mbI = yo(bl -b,)(mod N). Let t be such that b, -b2 = mt. Then mbI = yomt + zN = yomt + zmr for some integer z, hence b, = yet + rz. Let 6 be a divisor of (y,,, r, m) . Then 6 divides b, and divides m. Since the digraphs are strongly connected, we have (N, bI, b,) = 1. Then 6 divides (m, b, ) = (N, b, bI) = (N, bI, b2) = 1, so 6 = 1 and (yO, r, m) = 1.
Conversely, suppose that (yO, r, m) = 1. From Lemma 4.1, by taking b, = (yO, r) there are t, z such that 6, = yet + rz (mod N) with (t, r) = 1. Now, we take b2 = bI -mt (mod N). Then (N, bl, b, ) = (mr, bI, mt, b, ) = (m, yO, r) = 1 and (N, b, ) = (mr, mt) = m. Thus, GN(l, (b, , b, }) is a strongly connected circulant digraph with m = (N, aI -a2) = (N, bI -b,) . is strongly connected with a, -a2 = 4, g = (960, 241) = 1, m = (960, 4) = 4 and r = N/r = 240. We have s, al = 484.11 = 524 = 131.4, so y0 = 131. From (yO, r, m) = (131, 240, 4) = 1, it follows that Gse0(241, (11, 7) ) is a circulant digraph. The first generator b, is given by b, = (yo,r) = (131, 240) = 1. We have 1 = 11.131-6.240, so t = 11. The second generator is b2 = bI -mt = -43 = 917 and G960(241, (11, 7) ) 1s isomorphic to the circulant digraph G,,, (l, (1,917) ). Next we consider the case when (c + l)(ai -a2) = 0. Proposition 4.9. Let GN(c, {a, , a2} ) be a c-circulant digraph with r > 2, q = 1 unll (C + l)(a, -a2) = 0. Let G, (l, {b,, b,}) 
is a p-isomorphism from GN(c, {aI, a2j) to GN (l, {b,, b,}) Proof. From Proposition 2.5 the map f is well defined. The vertex x = .sial + c(al -a2), 0 < i < m -2, is adjacent to the vertices
We have
so f is a p-isomorphism.
Suppose thatfis an isomorphism. In Gy(c, A), the vertex x = s,.. lal + %(a1 -u2) is adjacent to the vertices x' = s,a, -a(aI -U2) = ( [0] [1] [2] [3] [4] (a, -a2) .
Let 1/i be such that mbl = yl (bl -b,) . In G, (l, d), the vertexf(x) is adjacent to the vertices = TI+(-l)':,-~~~-l)(bl-bl,.
(
Sincef is an isomorphism, we havef {x', x"} = { y', y"}.
Suppose that m is odd. Iff(x') = y' andf(x") = y", we have
(modulo r), hence r = 2, a contradiction.
Analogously, iff(x') = y" andf(x") = y', then we have
for all CI. Hence, r = 2 which is a contradiction.
Thus, m must be even. In this case, f(x') = y' andf(x") = y" implies r = 2 as before. Therefore,f(x') = y" andf(x") = y', which imply y1 = -y. + m/2.
Conversely, if m is even and mhl = ( -y. + m/2)(bl -b2) , it is routine to check that f(x') = y" and f(x") = y', hence f is an isomorphism. 0
In the same way as Proposition 4.7 and Corollary 4.8, the following results can be shown. 1,43) ).
Finally, we give the following characterization which follows from the previous results. 
